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Abstract
In this article, we provide analytical expressions for the photon polarization tensor in pulsed
Hermite- and Laguerre-Gaussian laser beams. Our results are based on a locally constant field
approximation of the one-loop Heisenberg-Euler effective Lagrangian for quantum electrodynamics.
Hence, by construction they are limited to slowly varying electromagnetic fields, varying on spatial
and temporal scales significantly larger than the Compton wavelength/time of the electron. The
latter criterion is fulfilled by all laser beams currently available in the laboratory. Our findings
will, e.g., be relevant for the study of vacuum birefringence experienced by probe photons brought
into collision with a high-intensity laser pulse which can be represented as a superposition of either
Hermite- or Laguerre-Gaussian modes.
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I. INTRODUCTION
The vacuum of quantum field theory is characterized by the omnipresence of fluctuations
of the theory’s particle degrees of freedom in virtual processes, describing their spontaneous
creation and annihilation. In the language of Feynman diagrams, these processes correspond
to diagrams without any external lines. As they do not couple to in- and outgoing real par-
ticles by definition, vacuum fluctuations are per se not observable. The situation, however,
changes in the presence of an external electromagnetic field. Due to the fact that electro-
magnetic fields couple to charges, vacuum fluctuations of charged particles generically give
rise to effective self-couplings of the prescribed electromagnetic field [1–3].
Here, we aim at studying effects of vacuum fluctuations on photon propagation at low
energies in prescribed external electromagnetic fields provided by high-intensity laser pulses.
This parameter regime is governed by quantum electrodynamics (QED) subjected to an ex-
ternal field; cf., e.g., Ref. [4] and references therein. Correspondingly, our quantum particle
degrees of freedom are electrons, positions and photons. In QED, a given vacuum diagram
scales as ∼ (α
π
)ℓ−1, where ℓ ∈ N+ is the number of loops of the diagram,1 α = e2
4π
≈ 1
137
is
the fine-structure constant, and e is the electron charge. Hence, the leading vacuum fluctua-
tions scaling as ∼ (α
π
)0 amount to single electron-positron loops, featuring 2n, with n ∈ N0,
couplings to the external electromagnetic field. Due to Furry’s theorem (charge conjugation
symmetry of QED) the coupling is even in the external field. For constant electromag-
netic fields, F µν = const., all these diagrams can be resummed explicitly, constituting the
renowned one-loop Heisenberg-Euler effective action ΓHE[F ,G2] = V (4)L(F ,G2) [2, 5], where
V (4) =
∫
d4x denotes the space-time volume and L(F ,G2) is the Heisenberg-Euler effective
Lagrangian. In this case, Γ and L are trivially related, and depend on the external field only
via F = 1
4
FµνF
µν = 1
2
( ~B2 − ~E2) and G = 1
4
Fµν
∗F µν = −~E · ~B, where ∗F µν = 1
2
ǫµναβFαβ is
the dual field strength tensor; ǫ0123 = 1. Our metric convention is gµν = diag(−,+,+,+).
As photons are massless, the only dimensionful parameter in QED is the electron/positron
mass me ≈ 511 keV, setting the typical scale of the theory. Note, that m2e can be converted
into the units of the electric and magnetic field, respectively. Correspondingly, we have
eE
m2e
≈ E[V/m]
1.3·1018 and
eB
m2e
≈ B[T]
4.4·109 . These dimensionless ratios fulfill { eEm2e ,
eB
m2e
} ≪ 1 for present
and near-future high-intensity lasers, reaching peak field strengths up to E ≈ 1014V/m and
B ≈ 106T. For various theoretical proposals and experimental attempts to verify effective
nonlinearities of QED in external fields, we refer the reader to the pertinent reviews [6–15]
and references therein.
A central object in the study of such effects is the photon polarization tensor, which
1 Throughout this article, we use units where c = ~ = 1.
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encodes information about non-trivial modifications of the dispersion relation for probe pho-
tons propagating in the electromagnetized QED vacuum, and is the fundamental quantity in
the theoretical analysis of vacuum birefringence [16, 17]. The one-loop photon polarization
tensor is known analytically for both homogeneous electromagnetic fields [8, 18–27], and
generic plane wave backgrounds [28–31]. Besides, numerical results for inhomogeneous mag-
netic backgrounds are available from worldline Monte Carlo simulations [32], and analytical
results for low-energy photons in slowly varying inhomogeneous electromagnetic fields were
obtained in [33].
More specifically, the latter derivation makes use of the fact that for probe photons and
background fields2 with frequencies and momenta delimited from above by υ ≪ me, the
dominant contribution to the photon polarization tensor can be inferred straightforwardly
from the constant-field result in two steps [4, 33, 34]: First, the Heisenberg-Euler Lagrangian
in constant fields is adopted to inhomogeneous electromagnetic fields as
LHE(F ,G2) F
µν→Fµν(x)−−−−−−−→ LHE
(F(x),G2(x)) , (1)
This approximate result for LHE differs from the – typically unknown – exact result in
the considered inhomogeneous field by terms of O(( υ
me
)2
)
[33, 35]. The effective action in
inhomogeneous fields associated with the right-hand side of Eq. (1) is then defined as
ΓHE
[F(x),G2(x)] :=
∫
d4xLHE
(F(x),G2(x)) . (2)
Second, the associated photon polarization tensor in momentum space is derived from Eq. (2)
as usual, via [4, 33, 36]3
Πµν(k, k′) =
δ2ΓHE
[F(x),G2(x)]
δAµ(k) δAν(k′)
. (3)
It is straightforward to infer that this approximate result differs from the exact expres-
sion of the photon polarization tensor in the inhomogeneous field under consideration by
contributions ∼ υ2O(( υ
me
)2
)
[33].
In this article we use this approach to obtain analytical insights into the photon po-
larization tensor for low-energy (but not necessarily on-shell) probe photons aµ(k), with
{ω, |~k|} ≪ me, in linearly polarized, pulsed Hermite- and Laguerre-Gaussian laser beams of
frequency Ω≪ me and arbitrary mode composition. As any paraxial beam can be expanded
2 If the background field is provided by a laser, as assumed here, its dominant momentum scale of variation
is given by the laser frequency Ω.
3 For completeness, note that this definition of the photon polarization tensor differs from that of Ref. [33]
by an overall minus sign.
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into either Laguerre- or Hermite-Gaussian modes, our results will allow for an analytical
study of signatures of vacuum nonlinearities in experimentally realistic field configurations
provided by high-intensity lasers in unprecedented detail.
Our article is organized as follows: First, in Sec. II we briefly recall the theoretical
foundations of our approach. Second, in Sec. III we detail about the electromagnetic field
configurations of pulsed paraxial Laguerre- and Hermite-Gaussian beams. Section IV is
devoted to the explicit results for the corresponding photon polarization tensors. In this
context, we also discuss the limits of validity of our results, which are based upon several
approximations. Finally, we end with Conclusions and an Outlook in Sec. V.
Besides, in App. A we briefly detail on the overlap integrals of the field profiles of two
different modes: App. A 1 is devoted to Laguerre- and App. A2 to Hermite-Gaussian modes.
These considerations are relevant for checking the orthogonality of two given modes. More-
over, in App. B we use these results to provide compact formulas relating the peak field
strength of a given mode to the laser pulse energy put into this mode.
II. THEORETICAL FOUNDATIONS
In the paraxial approximation, the propagation direction of the laser beam is characterized
by a single, globally fixed wave vector pointing along ~ˆeκ. At leading order in the diffraction
angle θ ≪ 1 (cf. Sec. III below) [37], the associated spatio-temporally varying electric
and magnetic fields are given by ~E = E~ˆeE and ~B = E~ˆeB, i.e., are described by the single
amplitude profile E . The unit vectors introduced here fulfill ~ˆeE · ~ˆeB = ~ˆeE · ~ˆeκ = ~ˆeB · ~ˆeκ = 0
as well as ~ˆeE × ~ˆeB = ~ˆeκ, such that F = G = 0.
In the following, we will also make use of the definitions eˆµE := (0, ~ˆeE), eˆ
µ
B := (0, ~ˆeB) and
κˆµ := (1, ~ˆeκ). Note that κˆ
µ provides a global reference direction with respect to which any
probe photon momentum kµ = (ω,~k) can be decomposed into parallel and perpendicular
components,
kµ = kµ‖ + k
µ
⊥ , k
µ
‖ = (ω,
~k‖) , k
µ
⊥ = (0, ~k⊥) , (4)
with ~k‖ ≡ (~k · ~ˆeκ)~ˆeκ and ~k⊥ = ~k − ~k‖.
As briefly recalled in Sec. I, and detailed in Ref. [33], resorting to a locally constant field
approximation for the one-loop Heisenberg-Euler effective Lagrangian, the photon polariza-
tion tensor in the background field configuration introduced above is given by
Πρσ(k, k′) = −α
π
1
45
∫
d4x ei(k+k
′)x
[
4 (kFˆ )ρ(k′Fˆ )σ + 7 (k ∗Fˆ )ρ(k′ ∗Fˆ )σ
]( eE
m2e
)2
, (5)
where Fˆ µν := F µν/E denotes the normalized field strength tensor. Here, we employed
4
k′k
FIG. 1: Representative Feynman diagram for the photon polarization tensor (5) featuring two
couplings to the external field eFµν(x), depicted by wiggly lines ending at crosses; Eq. (5) accounts
for all different possibilities to insert the external field in the fermion loop. As inhomogeneous fields
F
µν(x) can transfer energy and momentum to the fermion loop, the outgoing photon momentum
k
′µ generically differs from the incident one kµ.
the shorthand notations (kF )µ = kνF
νµ, (k ∗F )µ = kν∗F νµ, kx = kµxµ, etc. Note, that
generically Fˆ µν ≡ Fˆ µν(x) and E ≡ E(x). For a graphical representation of the photon
polarization tensor (5) in terms of Feynman diagrams, cf. Fig. 1.
The extremely simple structure of Eq. (5) can be understood as follows [33]: Given
that F = G = 0 for the field configuration considered here, non-vanishing higher pow-
ers in the field strength F µν necessarily involve contractions with four-momenta kµ. The
leading non-zero scalars involving the field strength are (kF )2 and (kF )(k∗F ). In turn,
potential contributions to the photon polarization tensor proportional to E2(n+1) scale as
∼ υ2( eE
m2e
)2
[
( eE
m2e
)2O(( υ
me
)2
)]n
, with n ∈ N0. As contributions beyond E2 are ∼ υ2O
(
( υ
me
)2
)
,
they are not accounted for by the approximation adopted here.
Also note that the field configuration considered here is compatible with constant crossed
[19] and plane-wave fields. In the first case we would have E = const., while in the latter case
E ∼ E0 cos(κˆx) [28, 29]. However, by means of more generic amplitude profiles E(x), this
field structure can also account for features beyond plane waves, such as finite transverse
beam extents and focusing effects.
For linearly polarized beams, as considered in the following, the vectors ~ˆeE and ~ˆeB, and
thus also the four-vectors in Eq. (5),
(kFˆ )µ = (kκˆ)eˆµE − (keˆE)κˆµ ,
(k ∗Fˆ )µ = (kκˆ)eˆµB − (keˆB)κˆµ , (6)
are independent of the space-time coordinate x, and Eq. (5) can be conveniently expressed
as
Πρσ(k, k′) = −α
π
1
45
[
4 (kFˆ )ρ(k′Fˆ )σ + 7 (k ∗Fˆ )ρ(k′ ∗Fˆ )σ
]
Π(k + k′) , (7)
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with
Π(k + k′) :=
∫
d4x ei(k+k
′)x
(eE(x)
m2e
)2
. (8)
In turn, the only nontrivial step in evaluating Eq. (7) is to perform the four-dimensional
Fourier transform (8) of the squared amplitude profile E(x) from position to momentum
space. Here, k + k′ corresponds to the momentum transferred from the inhomogeneous
background field to the probe photon field.
So far, the approach outlined above has only been adopted for paraxial Gaussian beams
prepared in the fundamental (TEM00) mode, for which both freely propagating [33] and
couterpropagating beams [38] were considered. In the present article, we provide the analo-
gous results for the entire classes of linearly polarized paraxial Gaussian beams prepared in
Hermite and Laguerre modes. Along the lines of Ref. [33], these results can be straightfor-
wardly generalized to circularly polarized beams.
To make the following considerations as transparent as possible, without loss of generality
we assume the Gaussian beam to propagate in z direction, such that κˆµ = (1, ~ez), and
to be focused at z = 0. In this case, the directions of the electric and magnetic fields
can be parameterized by a single angle parameter φ = const. as ~ˆeE = (cosφ, sinφ, 0) and
~ˆeB = ~ˆeE |φ→φ+π
2
.
III. LAGUERRE- AND HERMITE-GAUSSIAN BEAMS
Coherent paraxial beams can be decomposed into an infinite sum of modes, which are
typically labeled by two integer indices. Two widely used bases are Laguerre-Gaussian (LG)
and Hermite-Gaussian (HG) modes [39, 40]. While the former is particularly adequate for
beam profiles exhibiting a circular symmetry about the beam’s propagation direction, the
latter is suited for beams with Cartesian symmetry.
The amplitude profile of any given LG and HG mode can be expressed as,
E(x) = E0 c(x, y) e−
(z−t)2
(τ/2)2
w0
w(z)
e
− r2
w2(z) cos
(
Φl,N(x) + ϕ0
)
, (9)
where the phase Φl,N(x) encodes the longitudinal propagation properties of the mode, and
E0, c(x, y) and ϕ0 are a mode-specific peak field amplitude, transverse profile and a phase
offset, respectively. Here, r =
√
x2 + y2 and w(z) = w0
√
1 + ( z
zR
)2, with Rayleigh range zR
and waist size w0. The Rayleigh range zR is the longitudinal distance from the focus for
which the beam’s cross section is increased by a factor of two. For a beam of wavelength
λ = 2π
Ω
, we have zR =
πw20
λ
[39, 40]. The first exponential factor in Eq. (9) supplements the
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beam with a finite pulse duration4, and the second one describes the transverse widening of
the beam along z, when going away from its focus at z = 0. Finally, the ratio w0
w(z)
describes
focusing effects in the longitudinal direction, and ensures that the beam’s mean energy is
conserved along z.
The fundamental Gaussian mode, minimizing the product of the focus spot size and
the diffraction angle θ ≃ w0
zR
= 2
w0Ω
, is contained in both bases. Note, that the waist
size w0 amounts to the focus spot radius of a beam prepared in this mode. The paraxial
approximation is valid for small values of θ and neglects terms of O(θ).
The phase Φl,N(x) in Eq. (9) is of the following form,
Φl,N(x) = Ω(z− t) + Ωr
2
2R(z)
− (N + 1) arctan
( z
zR
)
− lϕ , (10)
where ϕ := arg(x+iy) is the azimuth in cylindrical coordinates (r, ϕ, z), R(z) = z[1+( zR
z
)2] =
Ω
2
zR
z
w2(z) is the radius of curvature of the beam’s wave fronts, and the term ∼ arctan( z
zR
)
accounts for the Gouy phase shift of the mode; cf., e.g., Refs. [39, 40].
More specifically, for LG modes labeled by {l ∈ Z, p ∈ N0} we have
Φl,N(x) → Φl,|l|+2p(x) ,
ϕ0 → ϕl,p ,
E0 c(x, y) → El,p
(√
2r
w(z)
)|l|
L|l|p
((√
2r
w(z)
)2)
= El,p
(√
2r
w(z)
)|l| p∑
j=0
(−1)j
j!
(
p+ |l|
p− j
)(√
2r
w(z)
)2j
, (11)
where L
|l|
p (χ) denote generalized Laguerre polynomials and El,p is the peak field amplitude
of the mode. Note, that the indices l and p can be identified with the mode’s orbital angular
momentum quantum numbers [41]. To arrive at the expression in the last line of Eq. (11),
we employed their series representation, given in formula 8.970.1 of Ref. [42]. Analogously,
for HG labeled by {m ∈ N0, n ∈ N0} modes we have
Φl,N (x) → Φ0,m+n(x) ,
ϕ0 → ϕm,n ,
4 By this factor we augment the paraxial beam solution with a finite (Gaussian shaped) pulse duration τ .
This ad hoc prescription neglects contributions of O( 1
τΩ
). The beam solution is recovered in the limit of
τ →∞.
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E0 c(x, y) → Em,nHm
(√
2x
w(z)
)
Hn
(√
2y
w(z)
)
= Em,nm!n!
⌊m
2
⌋∑
j=0
⌊n
2
⌋∑
q=0
2m+n−2(j+q)(−1)j+q
j!q!(m− 2j)!(n− 2q)!
(√
2x
w(z)
)m−2j(√
2y
w(z)
)n−2q
, (12)
with Hermite polynomials Hl(χ). Here, ⌊n⌋ is the floor function which gives as output the
largest integer less than or equal to n. In the last line of Eq. (12) we made use of formula
18.5.13 of Ref. [43]. For completeness, note that the fundamental Gaussian mode amounts
to the LG (HG) mode with l = p = 0 (m = n = 0).
IV. PHOTON POLARIZATION TENSOR IN LAGUERRE- AND HERMITE-
GAUSSIAN BEAMS
Before providing the explicit results for the one-loop photon polarization tensor in pulsed
paraxial LG and HG beams, we briefly discuss the limits of validity of our results. Sum-
marizing all the points mentioned in Secs. II and III above, we find that our results neglect
contributions of the following type,
∼ υ2
[
O( 2
w0Ω
)
+O( 1
τΩ
)
+O(( υ
me
)2
)
+O((α
π
)2
)]
, (13)
where {ω, |~k|, ω′, |~k′|,Ω} . υ ≪ me. The overall υ2 dependence of Eq. (13) reflects the fact
that the photon polarization tensor fulfills the Ward identity, kρΠ
ρσ(k, k′) = Πρσ(k, k′)k′σ =
0, implying that Πρσ(k, k′) ∼ kαk′β [33]. The first term in the squared brackets arises from
the restriction to the (leading order) paraxial approximation, the second one is due to our ad
hoc prescription to account for a finite pulse duration, the third one refers to contributions
beyond the locally constant field approximation, and the last one to contributions from
higher loops.
Let us also assess the relative importance of these neglected terms. Aiming at the experi-
mental investigation of QED nonlinearities in external fields with lasers, high-intensity lasers
and tight beam focusing are preferential, as they allow for the maximum peak field strengths
in the beam focus (cf. App. B). Hence, we exemplarily assume the background field to be
generated by a state-of-the-art high-intensity laser system, such as ELI-NP [44], delivering
pulses of duration τ = 25 fs ≈ 38.0 eV−1 at a wavelength of λ = 800 nm ≈ 4.06 eV−1, corre-
sponding to a photon energy of Ω = 2π
λ
≈ 1.55 eV. Moreover, we assume these pulses to be
focused to w0 = 1µm ≈ 5.07 eV−1. For probe photons with optical to X-ray frequencies, we
furthermore have υ ≈ 1 . . . 104 eV. In turn, for such a scenario corrections due to the first
term in Eq. (13) seem to be most relevant, as 2
w0Ω
≈ 1
3.93
surpasses all the other dimensionless
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ratios parameterizing neglected contributions in magnitude. [37, 45, 46]. Of course, for less
tight focusing such as, e.g., w0 = 3µm ≈ 15.21 eV−1, and thereby a substantially reduced
peak intensity (B1) in the beam focus, this ratio becomes smaller, and thus the paraxial
approximation more justified. In the latter case we obtain 2
w0Ω
≈ 1
11.79
.
We represent our results for the one-loop polarization tensor in generic linearly polarized
pulsed LG and HG beams as Eq. (7) with
Π(k + k′) =
∑
N
∑
N ′
ΠN ;N ′(k + k′) , (14)
where
ΠN ;N ′(k + k′) =
eEN
m2e
eEN ′
m2e
(2zR πw
2
0)
τ
2
√
π
2
+1∑
n=−1
e−
1
8
( τ
2
)2(ω+ω′+2nΩ)2 I(n)N ;N ′(k + k′) , (15)
and the sums in Eq. (14) are over all modes, i.e., N = {l, p} for LG and N = {m,n}
for HG beams. This structure is a direct consequence of the fact that Eq. (8) is quadratic
in the field strength E and the classical superposition principle E = ∑N EN for linearly
polarized beams. For beams prepared in a given single mode N , only one specific EN 6= 0
and Π(k + k′) = ΠN ;N (k + k′).
In Eq. (15) we encode the nontrivial momentum dependencies in the τ independent
functions I(n)N ;N ′(k + k′). In the limit of an infinitely long pulse duration τ , we have
limτ→∞ τ2
√
π
2
e−
1
8
( τ
2
)2φ2 = 2π δ(φ), such that the n = 0 term corresponds to an elastic photon
scattering process with ω = −ω′, and the n = ±1 terms can be identified with inelastic
processes to be associated with the absorption (emission) of two laser photons of frequency
Ω, i.e., ω = −(ω′ ± 2Ω).
To keep the expressions of I(n)N ,N ′ for LG and HG beams compact, we will make use of the
following definition
FΛ
(|a|, b) : =
∫ ∞
−∞
dz
zR
( w0
w(z)
)Λ
e
−ia z
zR
−b (w(z)
w0
)2
= δ0,Λ
√
π
b
e−
1
b
(a
2
)2−b + (1− δ0,Λ)
√
π
Γ(Λ
2
)
∫ ∞
0
ds
s
s
Λ
2√
s+ b
e−
1
s+b
(a
2
)2−(s+b) , (16)
for b ≥ 0; δ0,Λ is the Kronecker delta. As obvious from the second line of Eq. (16), this
function is well-behaved and convergent for Λ ≥ 0, b ≥ 0 and arbitrary values of a. In the
limit of b = 0, the integration over s in Eq. (16) can even be performed explicitly with the
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help of formula 8.432.6 of Ref. [42], resulting in
FΛ
(|a|, 0) = δ0,Λ 2πδ(a) + (1− δ0,Λ) 2
√
π
Γ(Λ
2
)
( |a|
2
)Λ−1
2
KΛ−1
2
(|a|) , (17)
where Γ(.) is the Gamma function, and Kν(.) is the modified Bessel function of the second
kind. It is possible to represent all the contributions constituting the photon polarization
tensor for LG and HG beams in terms of various parameter differentiations involving the
function FΛ
(|a|, b) introduced in Eq. (16), implying that three out of four Fourier integrals
in Eq. (5), can be performed explicitly.
A. Laguerre-Gaussian beams
For LG beams we have N = {l, p}, N = |l|+ 2p, and obtain
ILG(n)N ;N ′ (k) =
1
16
p∑
j=0
p′∑
j′=0
(−√2)|l|+|l′|
j!j′!
(
p+ |l|
p− j
)(
p′ + |l′|
p′ − j′
)
J LG(n)N ,j;N ′,j′(k) (18)
with
J LG(0)N ,j;N ′,j′(k) =
∑
ℓ=±
eiℓ(ϕl,p−ϕl′,p′)
[
1 + sign
(
ℓ(N −N ′))∂hz]|N−N ′| ∂j+j′c
× (i∂hx + sign(lℓ)∂hy)|l|(i∂hx − sign(l′ℓ)∂hy)|l′|
× 1
c
F|N−N ′|+|l|+|l′|
(|hz − zR(kκˆ)|, (w0~k⊥+~h⊥)28c )
∣∣∣
c=1,~h=0
, (19)
and
J LG(±1)N ,j;N ′,j′(k) = e±i(ϕl,p+ϕl′,p′) 2j+j
′(
1± ∂hz
)N+N ′+1(
∂2hx + ∂
2
hy
)j+j′
× (i∂hx ± sign(l)∂hy)|l|(i∂hx ± sign(l′)∂hy)|l′| e− (w0~k⊥+~h⊥)
2
8
× FN+N ′+|l|+|l′|+2(j+j′+1)
(∣∣hz − zR(kκˆ)± (w0~k⊥+~h⊥)28 ∣∣, 0)
∣∣∣
~h=0
. (20)
Here sign(.) is the sign function. With the help of Eq. (17), the latter quantity can be
expressed in terms of modified Bessel functions and derivatives thereof. This implies that
the inelastic contributions to the photon polarization tensor in LG beams can be expressed
in terms of known analytic functions for arbitrary mode numbers N and N ′. Note, that
for an explicit evaluation of the n = 0 contribution with l = l′, the following alternative
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representation of Eq. (19) which contains less parameter differentiations is more useful,
J LG(0)N ,j;N ′,j′(k)
∣∣∣
l=l′
=
∑
ℓ=±
eiℓ(ϕl,p−ϕl,p′)
[
1 + sign
(
ℓ(p− p′))∂hz]2|p−p′|(−1)|l| ∂|l|+j+j′c
× 1
c
F2|p−p′|
(|hz − zR(kκˆ)|, (w0~k⊥)28c )
∣∣∣
c=1, hz=0
. (21)
Equation (16) implies that for l = l′ and p = p′, and thus N = N ′, Eq. (21) takes a
particularly simple form: In this specific case all integrals can be performed explicitly, and
we obtain
J LG(0)N ,j;N ,j′(k) = (−1)|l|
4
√
2π
w0|~k⊥|
∂|l|+j+j
′
c
1√
c
e
−2c
(
zR(kκˆ)
w0|
~k⊥|
)2
−w
2
0
~k2⊥
8c
∣∣∣∣∣
c=1
. (22)
B. Hermite-Gaussian beams
Conversely, for HG beams we have N = {m,n}, N = m+ n, and obtain
IHG(n)N ;N ′ (k) =
1
16
⌊m
2
⌋∑
j=0
⌊n
2
⌋∑
q=0
⌊m′
2
⌋∑
j′=0
⌊n′
2
⌋∑
q′=0
m!n!m′!n′!
j!q!j′!q′!
(−i)N+N ′ 2 32 (N+N ′)−3(j+j′+q+q′)
(m− 2j)!(n− 2q)!(m′ − 2j′)!(n′ − 2q′)!
×J HG(n)N ,j,q;N ′,j′,q′(k), (23)
with
J HG(0)N ,j,q;N ′,j′,q′(k) =
∑
ℓ=±
eiℓ(ϕm,n−ϕm′,n′)
[
1 + sign
(
ℓ(N −N ′))∂hz]|N−N ′|(∂hx)2{m+m
′
2
}
× (∂hy)2{n+n
′
2
} (1
2
∂cx
)⌊m+m′
2
⌋−j−j′ (1
2
∂cy
)⌊n+n′
2
⌋−q−q′ 1√
cxcy
× F|N−N ′|+2{m+m′
2
}+2{n+n′
2
}
(|hz − zR(kκˆ)|,Σ2i=1 (w0ki+hi)28ci
)∣∣∣
~c=1,~h=0
, (24)
where we made use of the shorthand notation 2{n
2
} := n − 2⌊n
2
⌋, which is 0 (1) for n even
(odd), and
J HG(±1)N ,j,q;N ′,j′,q′(k) = e±i(ϕm,n+ϕm′,n′ )
(
∂hx
)m+m′−2(j+j′) (
∂hy
)n+n′−2(q+q′)(
1± ∂hz
)N+N ′+1
×e− (w0
~k⊥+
~h⊥)
2
8 F2(N+N ′+1−j−j′−q−q′)
(∣∣hz − zR(kκˆ)± (w0~k⊥+~h⊥)28
∣∣, 0)∣∣∣
~h=0
.
(25)
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As for LG beams, the inelastic contributions to the polarization tensor in HG beams
J HG(±1)N ,j,q;N ′,j′,q′(k) can be expressed in terms of modified Bessel functions and derivatives thereof.
For the special case of a beam prepared in a distinct mode, we have m = m′, n =
n′ and N = N ′, and obtain an expression analogous to Eq. (22) above for the elastic
contribution (24),
J HG(0)N ,j,q;N ,j′,q′(k) =
4
√
2π
w0
(1
2
∂cx
)⌊m+m′
2
⌋−j−j′ (1
2
∂cy
)⌊n+n′
2
⌋−q−q′
× 1√
cyk2x + cxk
2
y
e
−2( zR
w0
)2(kκˆ)2
(
k2x
8cx
+
k2y
8cy
)−1
−w20
(
k2x
8cx
+
k2y
8cy
)∣∣∣∣∣
~c=1
. (26)
V. CONCLUSIONS AND OUTLOOK
In this article we have studied the photon polarization tensor in linearly polarized, pulsed
Laguerre- and Hermite-Gaussian beams propagating in the QED vacuum. Our results are
based on a locally constant field approximation of the Heisenberg-Euler effective action, and
hence are manifestly limited to slowly varying electromagnetic fields which vary on scales
much larger than the Compton wavelength of the electron. This criterion is fulfilled for all
current and near-future high-intensity laser fields available in the laboratory, and for probe
photons with optical and X-ray frequencies ω fulfilling ω ≪ me. The fact that we also
invoke the paraxial approximation and account for a finite laser pulse duration via an ad
hoc prescription, gives rise to the additional constraints of τΩ≫ 1 and w0Ω≫ 1.
As any paraxial beam can be decomposed into either Laguerre- or Hermite-Gaussian
modes, our results can be considered as an important step towards the study of signatures
of vacuum nonlinearities in realistically modeled high-intensity lasers fields available in ex-
periment. Furthermore, it is certainly interesting to study vacuum birefringence and photon
diffraction effects in high-intensity laser beams prepared in a distinct higher Laguerre- or
Hermite-Gaussian mode. So far, theoretical studies of these effects typically assumed the
high-intensity laser beams to be prepared in the fundamental Gaussian mode [47–55]; for an
exception cf. Ref. [56].
The spatially inhomogeneous transverse intensity patterns of higher modes in the beam
focus might potentially be employed to induce interference patterns in the signal photon
distribution in the far field, as already theoretically analyzed and proposed as signature
of vacuum nonlinearity in multi-beam configurations [49, 57]. The results obtained in this
article will facilitate such an analysis.
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Appendix A: Overlap integrals
In this appendix, we briefly discuss the evaluation of the overlap integrals of the field
profiles EN (x) and EN ′(x) of two different modes N and N ′. More specifically, we detail
on all the steps necessary for their explicit evaluation. These integrals are, e.g., important
for checking the orthogonality of two given modes, as well as for relating the peak field
amplitude EN of a given mode to the beam energy put into this mode; cf. App. B below.
For simplicity, we limit ourselves to the mode profiles in the beam focus at z = 0. The
restriction to this special case can also be justified from a physical viewpoint as the quantity
of most relevance for maximizing signatures of quantum vacuum nonlinearity is the beam
intensity in the focus at z = 0. However, note that the respective integrations (cf. below)
can also be performed analytically for z 6= 0 with the help of formulas 7.414.4 and 7.374.5 of
[42]. The corresponding expressions are more complicated than those for z = 0 and involve
hypergeometric functions.
1. Laguerre-Gaussian modes
For LG beams we have N = {l, p}, N ′ = {l′, p′}, and the transverse overlap integration
is most conveniently performed in polar coordinates (r, ϕ). The only ϕ dependence of the
field profile of a LG mode is via the phase in Eq. (10), which for z = 0 becomes
Φl,N(x)
∣∣
z=0
= −Ωt− lϕ . (A1)
Hence, the integration over phase results in
∫ 2π
0
dϕ cos(−Ωt− lϕ + ϕl,p) cos(−Ωt − l′ϕ+ ϕl′,p′)
= π
[
δl,l′ cos(ϕl,p − ϕl′,p′) + δl,−l′ cos(2Ωt− ϕl,p − ϕl′,p′)
]
. (A2)
Equation (A2) gives rise to a non-vanishing contribution only for |l| = |l′|. As the field
profile depends on the phase term −lϕ via the argument of a trigonometric function, which
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generically accounts for left and right moving components, the occurrence of contributions
∼ δl,l′ and ∼ δl,−l′ in Eq. (A2) is not surprising. In turn, a mode labeled with l is a priori
not orthogonal to the one labeled with −l.
However, at least for an infinitely long pulse duration τ → ∞, orthogonality can be
enforced by including averaging over one laser period by means of 1
T
∫ T
0
dt (. . .), with T = 2π
Ω
,
to the orthogonalization procedure. Applying this prescription to Eq. (A2), only the term
∼ δl,l′ is left, as obviously
∫ T
0
dt cos(2Ωt − ϕl,p − ϕl′,p′) = 0. For finite, but slowly varying
pulse durations fulfilling τΩ ≫ 1 as considered here (such that the terms of O( 1
τΩ
) not
accounted for in the adopted ad hoc prescription become negligible; cf. footnote 4), a similar
prescription should still result in almost orthogonality: In fact, if we integrate Eq. (A2) over
time with the Gaussian weight accounting for the finite pulse duration in Eq. (9), we obtain
∫ ∞
−∞
dt e
−2 t2
(τ/2)2
∫ 2π
0
dϕ cos(−Ωt− lϕ+ ϕl,p) cos(−Ωt− l′ϕ+ ϕl′,p′)
=
(π
2
) 3
2
τ
[
δl,l′ cos(ϕl,p − ϕl′,p′) + δl,−l′ e− 18 (τΩ)2 cos(ϕl,p + ϕl′,p′)
]
, (A3)
and as for τΩ≫ 1 we have e− 18 (τΩ)2 ≪ 1
τΩ
, finally
=
(π
2
) 3
2
τ
[
δl,l′ cos(ϕl,p − ϕl′,p′) +O( 1τΩ)
]
. (A4)
In any case, Eq. (A2) can be used to write the integral over r at z = 0 as
∫ ∞
0
dr r
(√
2r
w0
)2|l|
e
−2 r2
w2
0 L|l|p
((√
2r
w0
)2)
L
|l|
p′
((√
2r
w0
)2)
=
(w0
2
)2 ∫ ∞
0
dχχ|l| e−χ L|l|p (χ)L
|l|
p′ (χ) =
(w0
2
)2 (p+ |l|)!
p!
δp,p′ , (A5)
where we employed table 18.3.1 of Ref. [43] to perform the integral.
Putting everything together, we finally obtain
∫ ∞
−∞
dt
∫ ∞
0
dr r
∫ 2π
0
dϕ El,p(x)El′,p′(x)
∣∣∣
z=0
≈ 1
2
(π
2
) 3
2 (p+ |l|)!
p!
E
2
l,p
τ
2
w20 δl,l′δp,p′ , (A6)
where we explicitly neglected terms of O( 1
τΩ
), which are of the same order as those neglected
by the adopted ad hoc prescription to account for a finite pulse duration (cf. footnote 4).
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2. Hermite-Gaussian modes
In the case of HG beams we have N = {m,n} and N ′ = {m′, n′}, and the transverse
overlap integral is most conveniently performed in Cartesian coordinates (x, y). Due to the
symmetry of c(x, y) in Eq. (12) under the simultaneous exchange of x↔ y and m↔ n, it is
sufficient to explicitly evaluate the integral over x. With the help of table 18.3.1 of Ref. [43],
we obtain
∫ ∞
−∞
dx e
−2 x2
w2
0 Hm
(√
2x
w0
)
Hm′
(√
2x
w0
)
=
w0√
2
∫ ∞
−∞
dχ e−χ
2
Hm(χ)Hm′(χ) =
√
π
2
w0 2
mm! δm,m′ . (A7)
Hence, two distinct HG modes are generically orthogonal to each other under integration
over the transverse coordinates.
Aiming at an integration over time, we can use the same steps as invoked in App. A1
above to obtain ∫ ∞
−∞
dt e
−2 t2
(τ/2)2 cos2(Ωt) =
√
π
2
τ
4
[
1 +O( 1
τΩ
)
]
, (A8)
such that
∫ ∞
−∞
dt
∫ ∞
−∞
dx
∫ ∞
−∞
dy Em,n(x)Em′,n′(x)
∣∣∣
z=0
≈ 1
2
(π
2
) 3
2
2m+nm!n!E2m,n
τ
2
w20 δm,m′δn,n′ .
(A9)
Appendix B: Relation of peak field strength and laser pulse energy
As IN = E2N is the intensity associated with the electromagnetic field in mode N , for
N = N ′ the expressions in Eqs. (A6) and (A9) amount to the energy WN put in mode N ,
i.e.,
WN ≈ 1
2
(π
2
) 3
2
cN E2N
τ
2
w20 ↔ E2N ≈ 8
√
2
π
1
cN
WN
πw20τ
, (B1)
with mode specific coefficients cN given by
for LG modes N = {p, l} : cp,l = (p+ |l|)!
p!
and
for HG modes N = {m,n} : cm,n = 2m+nm!n! . (B2)
Using the orthogonality of the field profiles of two distinct modes, the total laser pulse
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energy W to be partitioned into the different modes N is given by
W =
∑
N
WN . (B3)
Equations (B1) and (B2) imply that – as to be expected – when putting the total energy into
a given single mode N , i.e., W = WN , the maximum peak field strength EN and intensity
is reached in the fundamental Gaussian mode N = {0, 0}. The coefficients cN grow with
increasing p and |l|, and m and n, respectively.
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